Bound states in the continuum (BICs) are peculiar solutions of wave equations, which are spatially bound and spectrally discrete with an infinite lifetime, equivalently an infinite quality factor (Q factor), at frequencies of continuum of unbound modes. The concept of BIC was first proposed as a solution to Schrödinger equation with a complex artificial potential [1] . Since then, many different types of BICs have been reported in various physical systems including quantum [2] , acoustic [3, 4] , water [4] , and photonic systems [5, 6] . Recently, BICs in photonic crystal (PhC) slabs have attracted substantial attention as a platform for studying interesting phenomena, e.g. topological charges, as well as a new way of confining light in surface-normal direction (z-direction), allowing for novel designs of photonic devices [7] [8] [9] [10] [11] . The robustness of BICs in PhC slabs over structure variations as a result of the conservation of topological charges is an important advantage in experimentally implementing BICs [10] .
BICs in PhC slabs occur above the light line, i.e., in the leaky regime of a resonance frequency ω versus in-plane wavevector k relation (frequency dispersion), when specific conditions are met. The conditions are that the leaky modes in the slab have a mismatching symmetry from the free-space modes of surrounding materials (symmetry-protected BICs), or multiple leaky modes destructively interfere with each other in the farfield (non-symmetry-protected BICs) [9] . These conditions are ideally valid for an infinitely periodic structure at specific inplane wavevector k BIC , which means the Q-factor in the surfacenormal direction Q ⊥ is high only in the vicinity of k BIC . The Fourier-transform of a BIC field profile (k-space mode profile) which is extend over an infinite PhC slab, is a delta function at k BIC .
A motivating question of this work is what happens to the BIC as the spatial extension of a PhC slab reduces to a few unit cell structure. In such a finite structure as illustrated in Fig. 1(a) , the Q ⊥ is no longer infinite due to a finite-width k-space mode profile. The in-plane loss via terminations can be enormous due to a short propagation time over a few unit cells, leading to a very small in-plane Q-factor Q , which makes the entire Q-factor considerably small since 1/Q = 1/Q ⊥ + 1/Q . In this Letter, we show that a set of BICs can turn into quasi-BICs with a fairly high Q-factor even for two or three unit cell structures, as shown in Fig. 1(b) . These BICs feature a strong resonance in individual unit cells, which results in an ultraflat frequency dispersion and a very slow in-plane group velocity, abruptly reducing the in-plane loss. The origin of this phenomenon is different from that of the slow light in conventional PhC slab modes below the light line, and is discussed in analogy with the tight-binding of individual atoms in semiconductors. Furthermore, we propose a method to match the k-space mode profile of a quasi-BIC with the Q-factor dispersion (Q factor versus in-plane wavevector) of a BIC defined for an infinite PhC slab, which reduces the surface-normal loss by a few orders of magnitude. These results may provide an insight for designing compact BIC platforms for experimental studies as well as enabling new high-Q microcavities for various applications, which operates above the light line without a surrounding mirror. These quasi-BIC based microcavities could be an alternative to the defect-based PhC microcavities, which work below the light line, i.e., relying on the total internal reflection.
In this study, 1D PhC slabs of bars, also known as high-contrast grating [12] [13] [14] are used for more transparent understanding. However, we expect that the all proposed concepts are applicable to the 2D PhC slabs of rods or holes. The structure dimensions are scaled for a resonance at the communication wavelength of 1550 nm. It is assumed that the PhC slab is made of Si with a refractive index n=3.48 and suspended in air, and the Si bars are infinitely long (2D simulation, and k BIC =k BICx ). 3D structures are also considered in Figs. 5(a) to 5(e) and S4(a) to S4(d). Details of numerical technique are provided in the Supplemental 1.
Firstly, let us discuss the relation between the ultraflat dispersion of an infinite PhC slab and the strong individual resonances in each unit cell. The single unit cell Q-factor of a subwavelength structure typically ranges from 1 to 10 [15, 16] . In contrast, the single unit cell resonance associated with the ultraflat-dispersion BICs exhibits one or two orders of magnitude larger Q-factor of which origin will be discussed below. To illustrate the correlation between these BICs and the strong resonance of a single unit cell, four different PhC structures (PhC1 to PhC4) are compared. As shown in Figs. 2(a) and 2(b), the PhC structures are designed to have almost identical bandedge wavelengths at 1553 nm and non-symmetry-protected BICs peaked at k BIC ≈ 0.5 µm −1 , while having different dispersion curvatures ∂ 2 ω/∂k 2 x . As shown in Fig. 2(c) , for all PhC structures, the mode profiles of single unit cell resonances are identical to those of BICs occurring in infinite unit cells. The resonance wavelengths of single unit cells are also close to those of BICs. However, there is a trend that a single unit cell resonance with a higher Q-factor has a resonance wavelength closer to the BIC wavelength. Furthermore, if a single unit cell resonance possesses a higher Q-factor, the corresponding PhC structure has a flatter wavelength dispersion, as shown in Fig. 2(d) . This can be explained as follows. Each unit cell works as an individual resonator with a characteristic Q-factor. As unit cells are brought closer to one another, a band of resonance wavelengths is formed by virtue of mutual interactions, while keeping the properties of individual resonances such as field profile and resonance wavelength. This is analogous to the electronic band structure in the tight-binding model of semiconductors. The interaction strength that is inversely proportional to the resonance Q-factor, determines the width of the band. Thus, with the resonance Q-factor higher, the bandwidth is smaller, leading to a flatter band dispersion. The enormous Q-factor increase at a specific BIC wavelength with the number of unit cells approaching an infinity, can be explained as the consequence of successive resonance trapping phenomenon [17] . It can be concluded that the BICs with an ultraflat dispersion are related to both the properties of an individual unit cell as well as the collective effect of many unit cells. Since the properties of individual resonances are strongly maintained in an infinite structure, the frequency and Q-factor dispersion curves obtained for infinite structures can be applied to a finite structure as approximations. More rigorous proof will be provided elsewhere.
The high-Q resonance of the individual unit cell is attributed to the destructive interference of two waveguide modes in the single unit cell. Each unit cell is seen as a waveguide along the z-direction with terminations, as shown in Fig. 2(e) , which supports a few guided modes WG i . At the terminations, each waveguide mode not only reflects back into itself but also couples to each other as well as the surrounding continuum of the modes as shown schematically in Fig. 2(e) . Resonances occur in cases that the Fabry-Perot phase condition is satisfied for each mode, when the coupling with other waveguide modes is typically weak [15] . However, for a specific thickness and width, the two waveguide modes with the same spatial symmetry, e.g. WG 1 and WG 3 , can couple strongly together at the interface, while their coupling to the continuum of modes destructively interfere. It results in energy building up inside the waveguide, i.e., a strong resonance of the single unit cell. Now, we can investigate the impact of an ultraflat frequency dispersion on the in-plane loss of a microcavity formed by a few unit cells of PhC slab, as depicted in Fig. 1(a) . The in-plane loss and corresponding Q-factor, Q , depend on the group velocities of wavevector components within the k-space mode profile (Fourier transform of a coordinate-space mode profile) [18, 19] and the cavity termination at its boundaries [20] . For microcavities of a few microns long, this in-plane loss is considerable due to the short length. The ultraflat dispersion BIC of this paper allows for very small group velocities over all wavevector components, significantly reducing the in-plane loss. Figures 3(a) and 3(b) compare the mode profiles of two microcavities based on PhC2 and PhC4. The PhC2-based microcavity with a smaller dispersion curvature has a much smaller in-plane loss than the PhC4-based one, while both microcavities have negligible out-of-plane loss. This is also shown in Fig. 3(c) which presents the Q-factors of both microcavities as a function of the number of unit cells, N. Finally, it is noteworthy to mention that the in-plane Q-factor can be further-enhanced by introducing a heterostructure, which has been widely employed in other form of PhC microcavities [21] . Let us consider the mechanism of out-of-plane loss in the microcavity formed by few unit cells, and a method to minimize it based on k-space engineering. In an infinite PhC slab, the k-space mode profile of a BIC is a delta function centered at k =k BIC , whereas the k-space profile of a resonance in a finite structure has a considerable width. The k-space components away from k BIC couple to the radiation modes above the light line. Thus, the resultant out-of-plane loss and corresponding Q-factor, Q ⊥ , depend on the overlap of the k-space mode profile of the microcavity with the Q-factor dispersion of the infinite PhC slab. Given a k-space mode profile, of which the width is inversely proportional to the microcavity lateral length L=NΛ, the shape of the Q-factor dispersion can be engineered to give a better overlap by controlling the positions of paired non-symmetry-protected BICs, and furthermore by combining them with a symmetry-protected BIC.
The position of paired non-symmetry-protected BICs, k BIC can be engineered by changing the PhC parameters, e.g., period, filling ratio, thickness, and refractive index [10] . For instance, Fig. 4(a) illustrates the Q-factor dispersions of two PhC slabs, both based on PhC2 but with slightly different thicknesses, as well as the k-space profile of the fundamental mode for a microcavity with 6 unit cells of PhC2. If the BIC positions ±k BIC are too close to k x =0 (blue dashed), most of the k-space mode profile overlaps the low Q region of the Q-factor dispersion, leading to a considerable out-of-plane loss. On the other hand, if the BIC positions are far from k x =0 (blue solid), the Q-factor value becomes low around k x =0 where most k-space mode-profile components reside. This results in a poor overlap and consequently a huge out-of-plane loss and small Q ⊥ . Thus, there is an optimum value of k BIC to maximize Q ⊥ , for a given lateral-size of a microcavity, as shown in Fig. 4(b) . Furthermore, by using cavity modes with different shapes of mode profiles, a better overlap with the Q-factor dispersion can be obtained. This is illustrated in Fig. 4(c) , in which the Q-factor dispersion of infinite PhC and the k-space mode profiles of the fundamental (red solid) and 1st-higher-order (red dashed) modes of a cavity with N=9 unit cells of that PhC are shown. A larger Q ⊥ is expected for the latter due to the better alignment of its k-space mode profile with the Q-factor dispersion curve. Figure 4(d) shows that for N≥8, the 1st-higher-order mode has higher Q-factors, as expected. For N<8, it has more in-plane loss than the fundamental mode, which leads to smaller Q-factors.
A symmetry-protected BIC can be combined with paired non-symmetry-protected BICs while maintaining the frequency dispersion ultraflat, as shown in Fig. S2 . The two non-symmetryprotected BICs at two off-Γ-points broaden the high-Q region size, while one symmetry-protected BIC at the Γ-point elevates the Q-factor value in the middle of the high-Q region. It needs to be noted in Fig. S2(b) (see Supplement 1) that the odd symmetry of the fundamental mode makes its k-space mode profile having a node at k x =0. This leads to an excellent matching of the k-space profile with the Q-factor dispersion. For example, the high-Q cavity of 3 unit cells shown in Fig. 1(b) is based on this approach. Another example with 2 unit cells is also illustrated in Fig. S2(b) (see Supplement 1) .
The proposed concepts can be employed for designing the other in-plane direction (y) as well to make a 3D compact microcavity, as depicted in Fig. 5(a) . As shown in Fig. 5(b) , four nonsymmetry-protected and one symmetry-protected BICs form a The ultracompact footprint, high field intensity in the air or dielectric, and access to free-space modes of the proposed quasiBICs may open novel application chances for lasers, sensors, and switches. For instance, the high field intensity in the air for the TM polarization microcavity [c.f. Fig. 5(f) ] is highly desirable for sensing of gas molecules or bacteria [22] . The strong field at the dielectric surface is ideal for surface-enhanced Raman spectroscopy [12] , while the strong field enhancement inside the dielectric can be used for strong non-linear effects, e.g., four-wave mixing [23] . Ultrasmall lasers can also be realized by integrating a gain material inside the microcavity [24] or hybrid integration of dye-doped organic materials surrounding the cavity [25] .
We emphasize here that the very slow group velocities of the BICs of this study is fundamentally different from the slow light in conventional photonic crystals [26, 27] . The former originates from the single cell resonance and thus can be effective even for two or three unit cells, whereas the latter results mainly from the periodic interactions among unit cells, being observed for many unit cells. Furthermore, it is also noted that the effect of the BIC phenomenon defined for infinite structure can be kept considerably strong for finite structure with few unit cells by matching the reciprocal-space properties. The resultant possibility of realizing quasi-BICs in a very compact platform may ease the experimental studies of BICs, as well as novel functionalities for important applications such as high-Q microcavities.
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